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Introduction

Example 1: Distillation Process

Separation of methanol/water mixture
with stochastic inflow

feed tank

condenser y

Goal

Tracking a desired (optimal)
extraction profile without
exceeding tank level bounds

Basic Assumption
Probabilistic model
of inflow process at hand

Cooperation: G. Wozny (TU Berlin), R. Henrion (WIAS Berlin) — Support: DFG
Refs: Eich-Soellner et al. 1997; Garcia et al. 1998; Li et al. 1998; Garrido, St. 2001; Henrion et al. 2001
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Introduction

Example 1: Distillation Process

Scenario Tree Construction

max
\
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Introduction

Example 1: Distillation Process

Scenario Tree Construction

distributions independent of decisions!

\
|/
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Introduction

Example 1: Distillation Process
Scenario Tree 7 = (V, E)
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I I I |

M.C. Steinbach — Fast Algorithms for Nonlinear Multistage Stochastic Programs — GOR 2005 ZIE,



Introduction

Example 1: Distillation Process
Scenario Tree 7 = (V, E): Notation

0 t—1 t
| | |

— N

NOAE J [\ e leaves / scenarios

predecessor i = 7 (j

root

C..............O................)

Lt‘@ """""""""""""""""""""""""""

Node probability p; ZjELt pj=1fort =0,...,T
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Introduction

Example 1: Distillation Process

Discrete Optimization Problem
x, u: Tank level, extraction
u: Nominal extraction

T—1
: . 12
min p;|u; — Uy
(z,u) :
t=0 jELt

subject to  x; = Tr(j) — Ur(y) + & jev

+ terminal condition (stochastic)
+ simple bounds

Problem Size

dim(z,u) 2
V| 10°...10°
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Introduction

Example 1: Integrated Process Dynamics

Differential variables

Mp molar holdup in feed tank
| Xinr liquid mole fraction of methanol at reboiler
T Xic liquid mole fraction of methanol at total condenser
Tr temperature at reboiler

Algebraic variables

L= Vr molar vapor flowrate
- vapor mole fraction of methanol at reboiler

Control variables
u — <F> molar feed flowrate

Q heating power at reboiler

Relaxed DAE-IVP for inconsistent iterates (x, z;) [Schulz, Bock, St. 1998]

B(x)jj:f(xvz7ui)+€jela x(Tl) = Ly,
0=g(x,z) — g(x;, zi)e_ﬁ(T_T’i), 2(7;) = z;-
Problem Size dim(x, z,u) 8

V| 10°...10°
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Introduction
Pilot System at TU Berl
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Introduction

Example 2: Portfolio Management

DEVA (Dynamic Expectation-Variance Analysis)

Portfolio with n assets

Invested amounts = € R", total wealth ez, e = (1...1)
Random returns » € R", new wealth "z = e*Diag(r)z
Investment horizon [0, T" + 1]

Rebalancingatt =1...T

DEVA:
Minimize variance of total wealth (“risk”) o
subject to prescribed expectation at 1" + 1

Cooperation: K. Frauendorfer (ior/cf-HSG, U St. Gallen, Switzerland)
Refs: Frauendorfer 1995: St. 1998; Frauendorfer, Siede 2000; St. 2001
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Introduction

Example 2: Portfolio Management

DEVA Base Model
mxin ZjGL pjac;f(Ej + ij;)acj

subject to e'xp =1

e‘x; = T;xﬁ(j) j e V\{0}

— X
Dy P =P

Problem Size

dim(x) 10...20
V| 10*...10°
Algorithm  Storage Runtime
U o(vl®) oV’
2B o(vl]) o(vl])

risk

initial wealth

rebalancing

target wealth
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Algorithms

Problem Class: Overall Structure
Tree topology 7 = (V, E)
Dynamic Optimization Problem
myin Zcostj(yj)
JjeVv
subject to  dyn,(y~(j),y;) = 0 ] EV

D " glob,(y;) =0

JjEV

Bjyj 2 bj j c Vv
Special Case: Control Problems
xj = dyn;(Tr(j), Ur(j)) of x5 = dyn,;(Tr(;), uj)

Structure: Nonlinear coupling: father-son
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Algorithms

Problem Class: Overall Structure

Tree topology 7 = (V, F)

Non-Markovian Dynamic Optimization Problem

min Z cost; (Yo, - - - s YUr(s)s Yj)
Y jev
subject to  dyn,(vo, . . -, Yr(j), ¥j) = O 1€V
Zgl()bj(y(h <y Yr () y]) =0
jev

Bjy; 2 b; jeV

Special Case: Control Problems

Tj = dynj(:co, UQ,y -+« 5 Tr(4)> uﬁ(j)) or r; = dynj(u(), Loy -+ -5 Un(5)s Lr(4)s uj)

Structure: Nonlinear coupling: all ancestors (path to root)
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Algorithms

Overall Concept

Integrated Modeling and Solution Approach

e Tree-sparse NLP formulation: Exposing the rich structure
e Generic iterative algorithms: Preserving the structure

e Highly specialized linear algebra: Exploiting the structure

Generic lterations

e SQP: Sequentiel Quadratic Programming
e IPM: Interior Point Method (primal-dual)
e Subproblem: Hierarchically structured KKT system

M.C. Steinbach — Fast Algorithms for Nonlinear Multistage Stochastic Programs — GOR 2005
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Algorithms

KKT Solver

Algebraic Structure: Tree-Sparse

e NLP formulation: Hierarchical classification of restrictions

e Generic iterations . . .

e Linear algebra: Hierarchical structure of KKT matrix

1.

2.
3.
4. Sub-block structure: problem specific (implementation)

Superstructure: primal-dual (optimization)
Block structure — coarse: tree topology (discretization)
Block structure — fine: hierarchy of restrictions (modeling)

Why classification of restrictions?

e KKT factorization with linear complexity O(|V|)

e Most general regularity assumptions

e Result: three problem types + associated factorizations
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Algorithms

Overview KKT coarse structure

Implicit Outgoing Incoming
dyn(yﬂ(j), yj) =0 x; = dyn(xw(j), uw(j)) T = dyn(a:w(j), u;)
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Algorithms

Classification of Restrictions

General
Optimization Problem

( equalities )

/

(constraints )

\ / bound

(inequalities )

\

range
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Algorithms

Classification of Restrictions

General Dynamic
Optimization Problem Optimization Problem

4

( equalities )

T (global)

(constraints )

/

(inequalities )

™

range
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Algorithms

Classification of Restrictions

General Dynamic Control Problem
Optimization Problem Optimization Problem tree-sparse

Iocal state

( equalities ) \

\_ hierarchical nullspace structure j

(constraints ) control

\ / bound

(inequalities )

-
\

\ / state
\

state

range
mixed
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Algorithms

Earlier Solution Algorithms

Stochastic Optimization
Birge & Qi 1988, . . . (two-stage), Schweitzer 1998

dynamic

4 local

( equalities )
/ oreedl
(constraints )

\ / bound

(inequalities )

\

range
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Algorithms

Fill-in for Example 1: standard form, Birge & Qi

sk
ko ok
kook ok
e Hessian
kooko ok ok ok
kook o ok ok ok ok
kooko ok ok ok ok ok
koko ok ok ok ok ok ok
o * POOOOOOO ®
O % - ok % x ok x POOOOOO ojo) _
O * *k sk % x >k DOOOOOG (ONONO! dynamlcs
O * O % % x *x x POOOO OO0 DAE
OOOOOOOO * O % % x OO OOO60O
OOOOOOOO £ O % % x OO OOOO OO0
global constr.
POOOOOOO OOOO OO0 ® :
cycling cond.
node ¢ primal node 5 primal
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Algorithms

Fill-in for Example 1: tree-sparse control form — outgoing with local constraints

*
* ok
* ok ok
* ok ok ok
* ok ok ok ok
* ok ok ok ok ok
* ok ok ok ok ok ok
* ok ok ok ok ok ok ok
+0O -0 * +
* * ok ok ok +
* ok ok ok k% +
* * ok x ok +
* * ok
* * ok
SCHONENNO

Hessian

dynamics
diff. eqns

local constr.
alg. eqns

global constr.
cycling cond.
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Algorithms

Fill-in for Example 1: comparison

General nodes
160 | Leaf nodes
- @ Specific tree*
140 1 5 128
i © ]
120 124
Q : 1
3 ' £ 3 ]
c 100 r %: 120
5 ' ]
2 80t 116
c i 3 ]
LU ]
60 - 112
40 | = 1s
[ 3 |
L 2 4
(@] : i
20 - 14
0 3 10
std new std new std new

* 8 periods, 57 x 1 = 78,125 scenarios, 175,781 nodes
1,249,998 variables, 1,054,687 constraints

Million entries

M.C. Steinbach — Fast Algorithms for Nonlinear Multistage Stochastic Programs — GOR 2005
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Algorithms
Hierarchic KKT Solver

Algorithmic Scheme

Elimination Support Method Interpretation
local single nodes local projections primal
constraints

dynamics & father & son* tree recursion primal-dual
objective

global arbitrary node set | Schur complement | dual
constraints Lagrange relaxation

*possibly further ancestors
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Algorithms

Control-Theoretic Interpretation

—C Tree-sparse NLP )

Nonlinearities & Inequalities SQP or IPM

C Tree-Sparse KKT System )
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Algorithms

Control-Theoretic Interpretation

—C Tree-sparse NLP )

Nonlinearities & Inequalities SQP or IPM

C LQ Regulator Problem + Local/Global Constraints)

Local Constraints Local Projections
—(LQ Regulator Problem + Global Constraints)—
85&1?2;2 Tree Rescursion
—C Negative Definite Linear System >7
Global Constraints Direct
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Algorithms

N:=N(A)NN(Psus,) "N(PR,uR,B).

® min 3 pye;(x)
jev
(2) st Gjxi+hj =Py VieV,
3) Fxj+ef=0 VeV,
4) F}'xi € [ry, Tyl YjeV,
(5) x € [by, by,
(6) > piFix; +ev =0.
jev
G )
()] A=|F|, B=DiagF,...,Fy) = ,
F Fr
N
,Po
G Py
| G2 —P2
® 6= Gs —P3
Ga —Py
Gs —Ps
N = N(Pa,us., ) O NPryur F) AN O () N(G).
kes(j)
) min - o(x ﬁz Insy +Insy)— B> (Intf +Inty)
P
(10) st. Ax+a= 0‘
(11) Bx—t—1 =0,
(12) —Bx—ty +1y =0,
(13) x—sy—by =0,
(14) —x— Sy + by =0.

L(x,s,t,z,u,v;B) =

ﬁz Insy +InsyY)

Vi(Bx —tr — 1) = v (=Bx — ty +1u).
H A*][ A f
e R L] e] -
Q=P+ Dy,

[}

N(ﬁ] =N(H) N N(Pg,) N N(Ps,) N N(Pg,B) " N(Pg_B)
=N(H) N N(Ps,us,) "N(Pr,ur,B).

Diag(V2¢(xo), BP, (P5,S10P5,) *Ps,.- .., BPR, (PR, TuoPR,) 2Pr.).
1

st(m tf+Ints) —

2" (Ax + a) —u(x—si—by) — u\j(fx—su +by)—

=S7TW S Uy, W=V W =T Vi TV,
Ve(x) — A"z — B* (PR Pr,vi — PR Pr,Vu) — (Pj, Ps,w — P P, uy) =0,
= PB‘KDLPB\ >0 where @ = (P5,S1Pj,)” 1(Ps, WPy ) > 0.
H=H+Pj ®1Pg, + Py OuPs, +B* (PR YiPr, + Pr YuPr,)B.

KKT Solver — Details

(16)
17

(18)
(19)
(20)

(1)
(22)
(23)
(24)

(25)

(26)
@7)

(28)
(29)

(30)

min T A TiAx+FAx st Adx+a—0
Ax 2

V2g;(x;) + 5 + F*W;F} > 0.
min Z S AP H; Ax; + pi 5 Ax;

s.t. GiAx; + hj = P;Ax;,
FAx; +¢f =0,
> piFiax + ey =0.
jev

LA 15 1) = 3 L (x5, A, 15, 1)

jev

L " "
75 Hi%; 7% = A (Gxi 4 hy = Pixy) —

W (Fx; +eff) —

L (%, %5, Ay, 1§, 1) =
W (Fjx; +ev).

Hjx; + PA; — Zkesm Gidk —F' i —Fu=f VeV,

Gxi—Pyix;=h; VeV,
Fix; = e VeV

Z,-ev Fixj =ev.

Hi G5 B[ x
G, Al = .
F2 —u ey

X1\ U 51\ s Hivt H ) !
("iz)'iu’x" (fi2>'7ui b (HiZl H;2z =T

IS

S = )7 M2 PR+ Y GiaAk+ Fuet (1 — Hinrgn)]

keS(j)
Hizoxa +PpA = 3 Gl —Fau=1f2 VeV,
Giaxia —Pixa=h; VeV,
ngvF72Xiz =ey.
-t 2z -y z Gz
[ 52 ] e
Xj2 = H;zlz(iP;ZAi FFan+f2), A =97 (Gioxia — Zyu— ).
N(H;) = N(H;) N1 N(Ps,;us,;) "N(PruR,; F})-

szz‘ m N(Gk2).
keS(j)
Fj = Mz + Z G % "G,
kes(j)

Hy G| [x]_[f2+Fm
G2 —A h

TABLE 1. Node operations of the tree-sparse SC method.

Step Factorization Transformation Substitution
m FY =13 (1 0)U; X1 = (L) ey —uy = (1)) Ty

@ (W) uemu ()= st ()
(3) i1 =fi1 = Hyjnxg

(4) fi2 =2~ Hpix fF = —Hiy % + ]
(5) (G Gj2) = Giuy! Ry =hy — Gjixa fa = =G (=A) +u
(6) (1 Py2) =Py ! +Piixg i =+P} ()
7) (Fyn Fp2) =Fiup! ev =&y —Fuxp (=) +
(8) Hioa = L]

(9) Py =Pl "

(10) By =Fjal; " fi=17"f2 xj2 =L "

(1) 2y =27, + 1P}

(12) Vi =Y; + PPy Ry =hy + Pf; +P7(—A5)
(13) Ryr =Xy + #F} ey, =ey - Bf; P (—w) + £
(14) v =10

(15) 7y = 25050

(16) Gy =1,"6G; Ry =10 R A =101

(7 Fi = Fi2 + Z;G;

(18)* Ay = Hizo + GG fi=fia+Ghy Gixiz +

(19) Xyr =Ry — 2,2} eys =8y + Zjhy Zj(—p) — Ryl
(20) Xp = LoLj e =1L, e —p=1Ly " (—&)

Xo = [F2 0] [3 m {Foz} —F,UF;
u V<] [Ha G5]"
v w| TG, :
By BP0 B = B - Q)

[ entry[zero[ +1] -1 [ generic\

[symbol| - [+ [ —]
¥
G = oox = e
) ¥ ok ok Kk ko k k% % | j >
Ft+++ o
¥
[-NORS] *
— %
* *
* *
(FWE)Pr=| - - * -
* ok
* % ok ok %
1w, I —w, oo
w4 w0 e[
tH++e®— -
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Code Generator

Implementation

How to exploit block substructure?

e No implementation efficient on all problems

e Algorithm manually adaptable for specific problems
e Straightforward, but tedious & error-prone

— Impractical: need software tool for custom code

Required Functionality

vector

access to )
} matrix
operations on

Inverse

Realization
e A. Hutanu (Diploma thesis, 2002)

e No local projections yet

M.C. Steinbach — Fast Algorithms for Nonlinear Multistage Stochastic Programs — GOR 2005
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Code Generator

Entry Types

Example: entry types in DEVA

4+ value &1 in every node and every problem instance
B8  identical value in every node
different value in every node
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Code Generator

Test Examples

Finance Problems

Problem class  objective  constr. dynamics final cond. granularity
Stock/bond  LP linear linear implicit — very fine
Asset mgmt  CP convex linear implicit — fine
DEVA QP  quadratic  linear  incoming global medium

Chemical Engineering Problems

Problem class objective constr. dynamics  final cond.  granularity
Reactor NLP linear ODE outgoing — very fine
Tracking QP  least squares  linear outgoing  global/local very fine
Distillation  NLP linear DAE outgoing  global/local fine

M.C. Steinbach — Fast Algorithms for Nonlinear Multistage Stochastic Programs — GOR 2005 ZIE,



Code Generator

Savings

dense

custom

DEVA

auto

dense

-1 auto

Tracking

auto + opt

CPU time

memory

CPLEX*

auto + opt

Stock/bond

O 10 20 30 40 50 60 70O 80 90 100 110 120

* No dense version available; CPLEX presolve eliminates all rows + columns
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Applications

Portfolio Management
How it all began: single-period model (Markowitz 1952: Portfolio Selection)
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Applications

Portfolio Management

DEVA Application Model (+ riskless asset, cash flow, transaction costs, . . . )
* 2 —x

min S p, (20) () e ) (9

O Z; rraTy 25 1T\

unter x; = r;x ;) — (e +c) v+ (e — d) w; + ¢ jev
x; = Diag(rj)z, ) + vj — wj jev
D 0i(rr )+ Tay) = p
jeL
U4 Z 0, &L j < [x;nin,:c;-nax], BjCI}j 2 0 ] eV

Special Property

e Investment reduction below 100% possible

e Equivalent: 100% investment with lower semi-variance as risk measure
q
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Applications

Application Problem

Strategic Portfolio Management (Pension Fund)
e Quarterly rebalancing
e Tests 01/1999; routine application 10/1999; commercial software with GUI 2003

Portfolio (12 assets + cash)
e 4 bonds: CHF, EUR, USD, GBP

e 8 stocks: Switzerland, France, Germany, UK, Netherlands,
North America, Japan, Emerging Markets

Typical Problem
® 27,225 scenarios, 767,000 variables, 280 MB

e PC 2.4 GHz: 2:00 min, 69 iterations

Large Problem
e 53,235 scenarios, 1,971,000 variables, 854 MB

e PC 2.4GHz: 16:20 min, 187 iterations
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Applications

Application Problem

Strategic Portfolio Management (Pension Fund)
e Quarterly rebalancing
e Tests 01/1999; routine application 10/1999; commercial software with GUI 2003

Portfolio (12 assets + cash)
e 4 bonds: CHF, EUR, USD, GBP

e 8 stocks: Switzerland, France, Germany, UK, Netherlands,
North America, Japan, Emerging Markets

Typical Problem
e 27,225 scenarios, 767,000 variables, 280 MB
e PC 2.4 GHz: 2:00 min, 69 iterations (highly degenerate solutions!)

Large Problem
e 53,235 scenarios, 1,971,000 variables, 854 MB
e PC 2.4 GHz: 16:20 min, 187 iterations (highly degenerate solutions!)
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Applications

Current Work

DREWAG Model
Refs: Eichhorn, Rémisch, Wegner-Specht 2005 (2 )

Mean-risk optimization of electricity portfolios

Municipal power utility (price taker)

Combined heat and power production facility

Electricity futures, spot market, supply contracts (EEX)
Uncertain electricity & heat demands, spot & future prices
Horizon = 1 year with hourly discretization

Polyhedral multiperiod risk measures

Four scenario trees: input tree, future tree, trading day tree, contract tree
various trading windows and delays of decisions
(day ahead trading . . . = nonstandard nonanticipativity constraints)
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Applications
Current Work

Upcoming Project: VKW Model
Refs: Steinberger 2004; Steinberger, Zinner 2004

Related planning problem of Vorarlberger Kraftwerke, Austria
Hydroelectric plants and pump storage plants

Production = 11% of demand, trading = 89% (lllwerke, ENBW, EEX)
Horizon 1-2 years, discretization 1 hour or 15 minutes

Deterministic LP model: up to 2 GB under CPLEX
Crucial in SP algorithm:

Data management, storage efficiency, structure exploitation

e Theoretical framework:
Generalized nonanticipativity & embedding into single scenario tree [St. 2001]
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Conclusions

e Robust and efficient solution method for nonlinear stochastic programs
— global scenario coupling (— mean-risk)
— arbitrary nonanticipativity constraints

e Natural classification of restrictions

e Natural block level KKT faktorization

— Fixed elimination scheme (block pivots)

— Linear complexity (storage, runtime)
e Exploitation of problem specific sub-structure: implementation

— Static fill-in analysis

— Automatic generation of custom sparse solvers (Hutanu 2002)
e Strategic Portfolio Management

— Custom code with full structure exploitation
— Practical application since 1999
— Commercial software with GUI since 2003
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Conclusions

KKT Matrix Factorization

%@E@ vl % N W R K

BDORTORCE RN R R WY
I N S N O O S

Eﬁ%@ ﬁ%ﬁ%@ Eﬁ@@@ ﬁ%ﬁ%@ D
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Conclusions

KKT Matrix Factorization

Fine Block Structure
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Conclusions

KKT Matrix Factorization

Projection: Control Constraints (children)

N,
b Lk
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Conclusions

KKT Matrix Factorization

Projection: State Constraints (children)
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Conclusions

KKT Matrix Factorization

Projection: Combined Mixed Constraints (children)

"

L
NN
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Conclusions

KKT Matrix Factorization

Projection: Control Constraints (parent)

"a

"

L
(AN

N\
[l ]
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Conclusions

KKT Matrix Factorization

Projection: Combined State Constraints (parent)

"a

n
[l

"

i

H EIIN

n
[l
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Conclusions

KKT Matrix Factorization

Projection: Combined Mixed Constraints (parent)
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